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SIGNIPlCASCa^  AND  EXPLANATION 


/  Weinstein  studied  a  general  class  of  mechanical  systems  and  established 
the  existence  of  special  kinds  of  periodic  solutions  which  he  called  brake 
orbits.  Roughly  speaking  these  solutions  start  at  the  boundary  of  a  potential 
well  with  0  velocity  and  return  to  the  edge  of  the  well,  again  with  0 
velocity,  a  half  period  later.  This  paper  contains  a  generalization  of  his 
results  using  mlnlmax  methods  from  the  calculus  of  variations  as  the  existence 
tool .  ^ 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


ON  A  THEOREM  OF  VRINSTBIN 
Paul  H.  Rablnowits 

.  Introduction 

In  a  study  of  periodic  solutions  of  Hamiltonian  systems,  Weinstein  [II  considered 
Hamiltonians  of  the  form  H(p,q)  »  K(p,q)  *  V[q).  Here  the  potential  energy  V  satisfies 

(V^)  V  =  {q€*"|v(q)<1}  is  diffeomorphlc  to 

the  closed  unit  ball  in  **',  and  Vq<q)  0  on 

while  the  kinetic  energy  satisfies 

(K^)  K(Q,q)  »  0,  K  is  even  and  strictly  convex  in  p  for  fixed  q,  and 
K(ap,q)  ■*<»  as  |a|  uniformly  for  p  «  and  q  e  p. 

Solutions  of  the  corresponding  Hamiltonian  system: 

(HS)  ^  -  -Hq(p.q)  ,  q  -  Hp<p,q) 

for  which  there  exists  a  T  >  0  and  ^  such  that  p(0)  >  0  -  p(T>  and 

q(0)  ~  Qf>  qCT)  >  ^2  called  brake  orbits  by  Weinstein.  Due  to  the  evenness  of  K 

in  p,  by  extending  q  as  an  even  function  and  p  as  an  odd  function  about  0  and  T, 
the  resulting  functions  (P,Q)  satisfy  (HS)  and  are  2T  periodic.  Thus  brake  orbits  are 
special  kinds  of  periodic  solutions  of  (HS). 

In  [1]  Weinstein  proved: 

Theorem  1.1;  If  K,  V  «  and  satisfy  (V^)  and  (K^),  then  (HS)  possesses  a  brake  orbit 
on  h“'{1). 

n 

Theorem  1.1  generalizes  an  earlier  result  of  Seifert  [2]  for  K(p,q)  ^  V  a^^(q)pj^p 

i.j-1 

with  the  matrix  (a^^Cq))  uniformly  positive  definite  in  P.  Motivated  by  [1],  it  was 
proved  in  [3]  that: 


Th«or««  1.2>  If  K,  V  €  C^<  V  aatlaflM  (V^),  and  K  aatlaflaa 

(K2)  X<0,q)  ••  0,  p  •  Kp(p>q)  >0  if  p  ^  0,  and  R(oip,q)  ■»  >  aa 

|a|  ♦  •  uaiforaly  for  p  «  s"“'  and  q  e 

than  (IIS)  poaaaaaaa  a  pariodlc  aolutlon  on 

Thaoraa  1.2  dropa  tha  avannaaa  aaauaiptlon  of  lhaoraa  1.1  and  raplacaa  tha  convaxlty 
condition  by  tha  aildar  raatriction  that  p«Kp>0  if  pi*D.  Tha  priea  paid  for  thia 
addad  qanarality  is  that  Thaoraa  1.2  aaaarta  tha  axiatanca  of  a  periodic  aolution  rather 
than  a  brake  orbit.  A  natural  quaation  to  poaa  ia  whether  (HS)  poaaaaaaa  a  brake  orbit  if 
in  Thaoraa  1.2,  X  ia  alao  aaauaad  to  be  even  in  p.  Owe  aain  qoal  hare  ia  to  raaolva 
thia  quaation  and  ahow: 

Thaoraa  1.3;  if  x,  V  <  C^,  V  aatiafiaa  (V^),  K  aatiafiaa  (X2)  and  ia  even  in  p,  then 
(HS)  poaaaaaaa  a  brake  orbit  on  h~^(1). 

Tha  axiatanca  approach  taken  in  [3]  waa  to  reduce  tha  aolution  of  (HS)  to  that  of 
finding  a  critical  point  of  a  corraaponding  functional.  Thia  latter  problaa  waa  aolved  by 
a  finite  diatanaional  approxia«tion  argunant  together  with  appropriate  aatin«taa  which 
paraittad  paaaaga  to  a  liait.  In  finding  a  critical  point  of  tha  finite  diaanaional 
problea,  a  key  role  waa  played  by  an  S^  ayaawtry  which  tha  functional  poaaaaaaa.  In 
trying  to  prove  Thaoraa  1.3,  a  natural  approach  la  to  work  in  a  claaa  of  functiona  in 
which  p  and  q  hava  tha  daaired  fora.  However  by  doing  ao,  tha  functional  loaaaa  tha 
S^  ayaaatry  and  tha  corraaponding  axiatanca  aechanlaa  uaad  in  proving  Thaoraa  1.2  breaka 
down.  Thua  tha  aain  difficulty  hero  la  to  find  a  new  approach  to  tha  axiatanca  quaation 
which  ovarcoaaa  tha  loaa  of  ayiBMtry.  Thia  ia  provided  by  aoaa  alnlaax  idaaa  uaad  in  a 
racant  paper  [4] . 

In  {2,  the  variational  problea  which  ylalda  Thaoraa  1.3  will  be  foraulatad  and  the 
finite  diaanaional  approxlaation  carried  out.  Aalda  froa  the  new  axiatanca  aachanlsm, 
several  of  tha  atepa  and  details  hare  are  quite  cloaa  to  thoaa  of  [3].  Therefore  we  will 
be  sketchy  at  tiaas  and  refer  to  [3]  as  appropriate. 
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52.  The  proof  of  Theorem  1 . 3 

In  Theorem  2>1  of  [3],  a  canonical  transformation  is  made  which  converts  the  potential 
well,  P,  given  by  (V^ )  to  the  closed  unit  ball  Observing  that  the  trantformed 

Hamiltonian  still  satisfies  (Kj)  with  V  replaced  by  and  is  even  in  p.  Theorem  1.3 

reduces  to  proving: 

Theorem  2.1:  Let  H  “  K+V  where  K,  V  c  and  satisfy 
(V,')  {q  «  b"  I  0  <  V  <  1}  -  B,,  V  »  1  and  V^tq)  y  0  on  SB,, 

(Kj')  K(0,q)  “  0,  K  is  oven  in  p,  p  •  Kp(p,q)  >0  if  p  ^  0,  and 

K(ap,q)  -»  <»  as  (a|  uniformly  for  p  •  and  q  c  B^  • 

Then  (HS>  possesses  a  brake  orbit  in 

Set  M»  h”'(1).  Hypothesis  (V^')  amd  (Kj*)  imply  M  is  a  compact  manifold  in 

which  bounds  a  neighborhood  of  0  in  B^".  Lot  z  ”  (p,q).  When  convenient  we 
write  H(p,q)  5  H{z).  A  standard  lemma  -  see  e.g.  (IJ  or  [3]  for  H  e  or  (5]  for  the 
case  -  states  that  if  H  is  a  new  Hamiltonian  such  that  H  ”'(1>  “  M  and  H^  ^  0 
on  M,  any  solution  of 

(2.2)  5  »  -H  (C.n)  n  »  H  (C.n) 

q  P 

on  N  Is  a  reparametrization  of  a  solution  of  (HS)  on  M .  Thus  if  there  is  an  H  for 
which  (2.2)  has  a  brake  orbit  on  M,  we  easily  got  a  brake  orbit  for  (HS)  on  H .  A 
particular  such  H  is  constructed  in  (3)  and  will  also  be  employed  here.  For  the 
convenience  of  the  reader,  we  recall  its  construction. 

By  (V^'),  there  are  constants  6,  n  >  0  such  that 

v^(q)  .  q  >  o  V{q)  >  y 

for  Iql  «  (1-2fi,1+25]  and  there  is  a  constant  u  “  u(4)  >  0  such  that  it  V(q)  >  l-y 
and  |q|  <  1+2i,  then  |q|  >  1-4.  Since  K(0,q)  “  0,  there  is  a  constant  in(6)  such 
that  K(p,q)  <  u/2  if  IpI  <  and  |ql  <  1'*-25.  Since  M  is  compact,  there  la  a 
constant  >  0  such  that  M  C  .  Using  (K2')  it  can  further  be  assumed  without  loss 

of  generality  that  mln(K(p,q),  |p|^)  >1  if  |p|  >  and  |q|  <  1. 
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Mow  for  a,  b  c  K  and  a  <  b,  lat  x(ai*>b)  >1  If  a  <  a>  >  0  If  a  >  b;  and 


0  if  a  c  (a,b).  four  aueh  cut-off  functiona  will  be  uaadi 


Hi 

x,(p>  "  1  “  xOpI»  J~'  “i’  ' 


X2<<1>  ■  X<lq|»  ’-*5*  » 


XjJq)  “  x(  kl  I  i»  » 

X4IP)  -  X<|p|»  ll^+2> 


Now  the  now  Raailltonlan  H  la  defined  via 


H(p»q)  “  K(p.q)  +  V(p,q) 


v(Ptq)  -  X, (p)x2<q)v(q)  +  n-x2<q))x3<q>v(q)  +  p, ( 1-X3 (q) > kT 


K(p.q)  -  x^(p)x3<q)K(p.q)  +  p2<'>-X4(p)>|pI*  • 


The  conatanta  and  p2  are  choaan  larqe  enou^^  auch  that  the  following  reault  holda: 


Propoaltlon  2.3i  H  poa 


the  following  propertleai 


(H^)  H  ”’(1)  -  M, 


(Hj)  If  H  la  even  In  p,  ao  la  H 


(Hj)  p  ♦  Hp(p,q)  >  0  for  all  p,q  , 


(H^)  q  •  H^(0,q)  >  0  with  atrlct  Inequality  If  jql  ^  > 

(Hj)  There  are  conatanta  a^,  a2  >  0  auch  that  H(z)  >  a^|a|^  -  aj  for  all  a  c 


Proof  I  See  Mwauia  2.14  and  2.17  of  [3]. 


Above  reaMrka  juatlfy  proving  Theorea  2.1  with  H  replaced  by  H.  By  Baking  the 


change  of  tlae  acale  t  ♦  fftT~^  =  X~^t  where  T  la  the  unknotm  half  period,  7  becoaea 


n  and  (2.2)  can  be  replaced  by 


p  "  -XH  ,  q  ■  XH 
q  ^  P 


Thue  we  aeek  X  >  0,  p  odd  about  0  and  n  and  q  even  about  0  and  it  auch  that 


■-  -V-V  .''V 


>y-;: 


(p(t),  qtt))  lie*  on  R~^(1)  end  satieflea  (2>4).  Xa  In  [3],  It  la  convenient  to  make 


one  further  technical  aodification  of  (2.4).  For  e  >  0,  net 

2 


H^{*)  -  H(a)  +  eIpI 


Then 
(2.5) 

Our  atrategy  ia  to  find  a  aolution  of  the  deaired  type  for 


P  •  “ep<*>  *  2e|pr  • 


(2.6) 


p  ”  -XH  ,  q  «  XH 

cq  '  ^  ep 


on  \l).  Then  letting  e  «  0  will  produce  a  aolution  of  (2.4). 


Let 


X  ■  {z  “  (p«q)  «  w''^(s\»^")  1  p  ia  odd  and  q  ia  even  about  0  and  v} 


For  z  e  X,  aet 


and 


A(z)  z  /g*  p  •  q  dt  . 

He  will  find  a  critical  point  of  K  on 

S  i  {z  €  X  j  H'(z)  -  1) 

and  ahow  that  thin  providea  a  aolution  of  (2.6)  on  Technical  problems  make  it 

difficult  to  treat  A|g  directly.  Therefore  a  finite  dimensional  approximation  argument 
will  he  used. 

Let  e^».eepe2n  denote  the  usual  basis  in  and  set 


X  =  span  (e^  |  n+1  <  k  <  2n} 


X  =  span  {9..  -  (sin  jt)e.  -  (cos  jt)e.  ^ 

Bi  3*^  ^  k+n 


X_  =  span  «  (sin  jt)e,  +  (cos  jt)e.  ^  1<k<nF 

w  jk  K  K+n 


It  is  easily  checked  that  for  fixed  m,  these  subspaces  of  X  are  mutually  orthogonal  in 
L^(s’,R^”).  Let  =  Xg  •  For  z  -  z®  +  z^  +  z"  »  X^, 


a  computation  shows 


A(i)  ■  A(a  )  *■  A(a  ) 

.  +2 
AU  )>  Till  I  1 

-  •  2 

Kiz  )  <  -irl*  I  1,  -  - 


wh«r€  c.g.  if  z  €  and  e  «  I  ajj^gjl^#  Isl  *  tj  a^^^.  Let  s  S  n  X^* 


L«M»a  2.8»  Th«r«  is  a  constant  a,  >  0  auch  that  for  aach  |o|  <  a^,  {a  e  X,,  |  <|((s)  *•  1>o> 
(and  In  particular  S,,)  la  a  eoi^iact  atanlfold  In  X,  which  bounds  a  neighborhood 


Proof!  This  follows  from  (2.S)>  (B^)/  (B^)/  and  a  slight  aodlflcatlon  of  the  proof  of 

Lemma  3.2  of  [3]. 

If  A  and  i|)  are  extended  to  they  are  Invariant  under  the  set  of 

translations  ggCa)  •  x(t'fe)  for  6  c  R<  l.e.  A(g0B)  >  A(s),  ^(ggCa})  •  ¥(s)  for  all 
such  6  and  x.  This  fact  allows  the  use  of  an  Index  theory  for  3^  actions  which  plays 
a  key  role  In  proving  Theorem  1.2.  Unfortunately  X  Is  not  Invariant  under  {g0}  and  to 
make  up  for  this  loss  of  symmetry,  a  version  of  a  mlnlmax  argument  used  In  [4]  will  be 
employed.  Towards  this  end,  soaw  coe^arlson  constants  and  sets  must  be  Introduced.  Let 

=  Inf  A(s)  . 

a«s  n  x* 


W,  5  X,  •  span  {»}  •  x; 


where  9  ~  V  <  ^  *nd  let 


B  5  sup  A(s) 

seH  n  S 

m  m 


Leena  2.9;  0  <  a,,  <  8,  <  "• 


Proofi  Bv  Lemma  2.8,  for  r_  sufficiently  small,  the  ball  B_  In  X_  lies  Inside 

m 


A/v  ( 


mm 


Sg|.  Hence  (2  •7)  shows 


0  >  It  inf  .  1a  •> 

”  zcB  nx* 
r  m 

Bl 


>  0  . 


Since  S_  is  compact,  B_  <  «>.  Finally  since  *m  “ 


a  <  inf  A 

Bpan{^p)n  S 


<  6_ 


Now  let 

r„  i  {h  €  C(X„.Xa,)  1  h  satisfies  (h,)  -  (hj)} 

where 

(h,)  h  -  id  if  I'Viz)  -  1|  or  if  A{z)  f!  {0,6„+1] 

thj)  h  :  S„  *  S„ 

(hj)  h  is  1-1. 

Clearly  j*  ♦  since  id  €  r„,. 

A  critical  value  of  Ajg  can  now  be  defined.  Let 

01 

(2.10)  c  ”  inf  max  A(h(z})  . 

h€r  zew  n  s 

m  mm 

Since  id  c  r„,  Cm  *  ^m  ^  prove  that  c„  is  indeed  a  critical  value  of 

pireliminary  results  are  needed.  The  first  is  a  crucial  intersection  theorem. 


Proposition  2.11;  If  h  «  Tj,,  n  S„)  l~l  X*  if. 

Proof !  Let  h  *  r„.  Note  that  A  <  0  on  X°  •  X"  and  therefore  by  (h^),  h  -  id  on 
this  set.  By  (H,), 

3 

(2.12)  fiz)  >  a^Bzl  2  ■  ®4 

L 

SO  "f (z)  as  z  Hence  by  (2. 12),  there  is  an  >  1  such  that  for  z  outside 

the  ball  in  X„,  iflz)  >  1.  Therefore  by  (h,)  h  -  id  on  this  set.  Let 

5  Bj^  n  (X°  ®  (rip  1  r  >  0}  •  X^)  . 

m 

we  will  find  ^  2m  ^  ®m 

hu,,)  .  x; 


(2.13) 


Corollary  2.16i  >  ci„. 

Proof !  If  h  «  Tj,,  by  Proposition  2.11 
(2.17) 


nax  &(h(s))  >  A(w)  =  a 

Z'W  n  S  w«X 

n  n  IB 


since  (2.17)  holds  for  all  h  «  r,ji  Cj,  >  o^. 

Next  a  version  of  a  standard  Deformation  Theorem  Is  required. 


Proposition  2.18: 

If  c„  Is  not  a  critical  value 

of  A)-;  ,  there  is  an  r 
®in 

n  «  C( (0, 

1]  X  X„,X 

_)  such  that 

1°. 

n(s,  • ) 

Is  a  homeomorphlsm  of  X^  onto 

for 

m 

each  8  c  [0,1], 

2°. 

n(l,z)  « 

z  If  A(z)  €  (0,8„+1)  or  If  1 

^■(zl-ll 

1 

*  2' 

3°. 

n(8,-)  : 

S_  S_  for  each  s  e  (0,1), 

In  tn 

4°. 

Letting 

A^  >  {x  «  Sj,  1  A(x)  <  a). 

h(1#Ac  +j^)  ^  A- 

Proof i  This  result  Is  essentially  In  the  llterture  -  see  e.g.  [6  -  S)  -  so  we  will  be 
rather  sketchy.  Suppose  first  that  H  «  C^.  Then  n  Is  determined  as  the  solution  of  an 


ordinary  differential  equation  In  of  the  form: 

-(o(n)  [A’(n)  -  X(n)’i'Mn)l 

ri(0,z)  •  z 


(2.19) 


dn 

da 


-2 


where 

Kn)  *  A'(n)  •  H"(n)rf'(n)i 

In  (2.19),  u  Is  a  locally  Llpschltz  continuous  function  satisfying  0<u(*)<1,  u(')’°0 

outside  of  a  small  neighborhood  of  S_,  u(*)  =0  If  A(z)  /  t0,B_+1],  and  u  is  such 

n  ni 

that  the  right  hand  side  of  (2.19)  is  <1  in  norm.  In  the  construction  of  u,  use  is 
made  of  the  fact  that  c^,  r  [aj,,6„]  with  Oj,  >  0  as  has  been  verified  above.  Now  since 
'f'  y  0  near  S,,  (via  the  proof  of  Lemma  3.3  of  (31),  the  right  hand  side  of  (2.19)  is 
well  defined  and  locally  Llpschltz  continuous.  Therefore  1°  -  3°  of  Proposition  2.18 
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follow  lomadlately  from  our  above  remarks •  Finally  4^  is  a  consequence  of  a  standard 
argument  [7  -  8] • 

If  H  is  merely  c\  V(n)  “  AMn)  -  l(n)y'(n)  must  be  replaced  by  a  corresponding 
pseudo-gradient  vector  field  for  V  on  a  neighborhood  of  which  is  tangential  to 

y 

Then  the  result  follows  essentially  as  in  the  C  case*  See  [7  -  8] . 

These  preliminaries  now  yield 


Proposition  2.20;  is  a  critical  value  of  A|g 


Proof ;  If  not,  let  r  and  n  be  as  given  by  Proposition  2.18.  Choose  h  e  such  that 


<2.21) 


max  A(h(s))  <  c  +  r 


s«s  n  w 

m  m 


By  (2.21)  and  3°  -  4°  of  Proposition  2.18, 


(2.22) 


max  A(n(1,h(z)))  <  c  -  r  . 


zeS  n  w 
m  m 


But  1°  -  3°  of  Proposition  2.18  imply  n(1,h)  e  r_.  Thus  (2.22)  contradicts  (2.10). 


Remark  2.23;  If  z„  is  a  critical  point  of  A|g  corresponding  to  Cg,,  then  X^g  «  X(Zjg) 
is  positive.  Indeed  since 

(2.24)  <AMz„)  -  X  y'(Zg,))c  -  0 

for  all  z  <  Xg,,  choosing  ?  «  <Pn»0)  where  z,,  -  shows 

<2-25)  P„  •  ^  C  P«  •  • 

Since  Cgj  >  0,  (7.5)  and  (2.25)  imply  ^g(  > 


The  idea  now  is  to  let  ra  ■»  «>  and  show  that  (Xgj.Zg^)  converge  along  a  subsequence 
to  (X,z)  satisfying  (2.6).  Some  estimates  are  required  to  carry  this  out. 


Proposition  2.26-.  There  are  constants  0  <  c_  <  c  <  •  such  that 
(2.27)  c.  <  Cg,  <  c 

for  all  m  r  N. 

Assuming  Proposition  2.26  for  now,  the  proof  of  Lemma  3.22  of  [3]  -  slightly  modified 


since  c_,  X_  >  0  hare  while  c  ,  X  <  0  in  (3)  ”  shows  there  are  constants 


0  <  ^  <  Y  <  <•  and  indapandant  of  m  auch  that 


(3.28) 


i<  K<  y 


for  all  m  e  M.  Horaovar  Lanma  3.32  of  [3]  than  provaa  tha  aaquanca  (z^)  is  boundad  In 
W^'^(s\ll^").  Hanca,  along  a  subaaquanca,  convargaa  to  X  >  0  and  z^  convargaa 

waakly  In  m’'^(s\i^")  and  atrongly  In  C(s’.I»2n)  z  e  aatlafying 

(2.29)  (A‘ (z)  -  A  (z))c  -  0 

for  all  C  €  X.  Batting  c  -  (u.v).  aquation  (2.29)  ia  equivalant  to 


(2.30) 


/^"{(P  •  v)  +  (q.u)  -  X[(H^p(r)  ♦  u)  +  ("^^(a)  •  v)J1dt 

-  /({(-P  -  X'  xZ'i'  *  V)  +  t(q  -  XH  (z))  •  u)ldt  -  0 

£P 


for  all  (u,v)  €  X.  Sinca  p  and  q  are  continuous,  (Hp(p,q),  Hq(p,q))  e  Y,  tha 
cloaura  of  X  in  t^(S^,«*").  It  than  followa  from  (2.30)  that  z  -  (p,q)  satiafias 
(2.6)  and  z  «  C^(S^,*^").  Since  (2.6)  ia  a  Hamiltonian  aystam,  H^(z)  =  constant.  Uance 
z  e  S  implies  z  liaa  on  H~Ml). 


Proof  of  Proposition  2.26i  By  a  remark  following  (2.10)  and  Corollary  2.16,  Ug)  <  <  Sj,. 

If  ♦  0  as  m  ♦  “  along  soma  subsequence,  there  is  a  corresponding  aaquanca  (W|,)  such 
that  a*  «  Xjll  ®m  Therefore  by  (2.7),  ♦  0  in  w’'*(s\R*h)  and  a 

fortiori  in  L^(S^,II^”).  Since  H  (z)  grows  at  a  quadratic  rata  for  large  z,  T  la 

c 

continuous  on  L^(s\ll^")  and 

* 

h  /n”  H  (0)dt  -  0  . 

tn  '  u  c 

But  7(Wn)  “  1  ““St  be  bounded  away  from  0  and  there  is  a  positive 

c_  as  desired. 

Next  to  show  that  ( 8„)  is  bounded  away  from  infinity,  recall  that 

6  -  sup  A(z) 

“  zeW  n  s 
n  m 

Let  W  ;  X°  •  span{e>  •  X".  since  C  W  and  S^,  C  S, 

B  <■  sup  A(z)  ;  c  . 

“  z.W  n  s 

Thus  it  suffices  to  prove  that  c  <  ■».  But  if  z  €  W,  z  -  z®  +  p(z)s  +  z“  and 


(2.27)  A(S)  •  p'(s)A(<p)  -f  A(S  )  <  ir  p^(s)  . 

By  (Hj),  if  «  €  M  n  S, 

7(«)  »  1  >  ^  .x.%  -  Aj 

L 

.  .2 

>  p(z)  -  Aj 


or 

-  l+a. 

(2.28) 

2  2 
p(x)^  < 

•l 

Combining  (2.27)  and  (2.28)  yields 

And  th#  proof  la  conpleta. 

RawArk  2.29«  Aa  axAadnAtlon  of  tha  above  ArguBMnt  ahowa  that  c  can  be  choaen 
independently  of  e.  Therefore  £_  <  °  where  a^  la  a  aolutlon  of  (2.6) 

obtained  via  the  finite  dionenalonaX  approximation  argument. 

Completion  of  the  proof  of  Theorem  2.1»  We  mat  ahow  (2.4)  haa  a  aolutlon  of  tha  dealred 
type.  Such  aolutlona  (X^.c^)  have  already  )>een  obtained  for  (2.6).  Xt  aufficea  to  prove 
that  (Xg)  la  bounded  away  from  0  and  >  In  R  and  (c^)  la  Iwunded  In  W^'^(s\r^'') 
for  then  wa  can  aaally  paaa  to  a  llodt  to  find  a  aolutlon  of  (2.4)  on  H^^d).  But  the 
e  Independent  bounda  for  c^  of  Remark  2.29  and  Lemma  3.35  of  [3]  yield  the  neceaaary 
bounda  for  {X^},  {x^}* 

Remark  2.30i  Gluck  and  ziller  [9]  have  proved  there  are  brake  orblta  for  (HS)  under  more 
general  condltlona  on  V  than  (V^).  (See  alao  Hayaahi  [10]  and  Bend  [11]  for  a  apeclal 
caae.)  We  auapect  that  Theorem  1.3  holda  in  their  generality  with  respect  to  V.  The 
difficulty  in  proving  auch  a  result  via  the  approach  given  here  la  to  find  bounds  for  the 
periods  of  approximate  solutions. 
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